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LETTER TO THE EDITOR

g-fermionic operators and quantum exceptional algebras
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I Universita di Napoli Federico 11, Dipartimento di Scienze Fisiche and INFN, Sezione
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Abstract. Using a g-deformation of the usual Clifford algebra, one constructs a realization
of the quantum exceptional algebras E,, E,, E; and F, in terms of g-fermionic operators.

The study of quantum integrable systems has led to new algebraic structures, called
quantum groups [ 1], which are deformations of the enveloping algebra of a Lie algebra,
such that one recovers the Lie algebra under consideration in the limit g - 1, where ¢
is the deformation parameter. A particular realization of the infinite series SU(n},,
SO(n), and Sp(2Zn), has been obtained by using quantum deformation of the usual
Weyl and Clifford algebras [2, 3]. An explicit matrix realization of the {G,), algebra
has already been given in {4]. In this letter, we would like to concentrate on the other
exceptional cases and give a realization of the quantum algebras E;, E,;, E; and F,
in terms of operators satisfying g-deformed Clifford algebras.

Let us recall the definition of a quantum enveloping algebra U,(G) associated with
a simple Lie algebra G of rank » [1,3]. Mathematically, the quantum enveloping
algebra U, (G) is a Hopf algebra with unit 1 and generators E;, E7, H, (1si<n)
defined through the commutation relations in the Chevalley basis

[H,, H]=0
[H, Ef]1=a,E;

_ - (1)
[H;, Ej = —ayE;
2d H, —2d H,
4 _ q i l.—-q [t
E/ Ej1= 8, —g—
[ J if qzd,_q 2d,
and the quantum Serre-~-Chevalley relations (for i # j)
n 1""“,] “tyl—a,—n o+ +yn
L (=1 (EY) " "E;(E/)"=0 (2a)
O<n<l-ay n g2
n l_a!'i —y1-a,—n p— —\n
Y (=1 (E7) " "E;(E7)"=0 (2b)
Osnsl-ay n g4

where (a;) (1= (i, j) =< n) is the Cartan matrix of the Lie algebra G, and d; are non-zero
integers, with greatest common divisor equal to one, such that da; = d,a;. Notice that
if the Cartan matrix is symmetric, all the d;’s are equal to one.
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The g-binomial coefficients [ '], are defined by

1
I:’:] =["1—-—[p?]‘lq7i_:hﬁ with [m]q’=[m]q[1]q and
. 1,
(], ="2 . (3)

One needs also to introduce a comultiplication 4, a co-unit € and an antipode § such
that

A(H)=1®0H,+ H,®1

AME;)=Ef®@q " +q"®ES

g(EXY=¢(H)=0 and e(l)=1 “)
S(E¥)=—g " E*g" and S(H,)=—-H,.

The g-deformation Cliff,(n) of the Clifford algebra of dimension n with generators
a;, a; and N; (1<i=n) is defined byt

a;a; +q**aja; =8,4°"

aiaf +q a5 = 5,67 )
(a;)=(a/y=0

[N, afl1=+8.a;.

Notice that the g-analogue of the Clifford algebra is invariant in the change g<>g~".
This allows us to compute the products a7 a; and aa; in terms of N,. One finds

aN, _ -2IN,
ata; =14 (6a)
9°-q7
IN=2_ ~2NH2
ara;= -4 (6b)
7' —q

We recall that there exist the following homomorphism between U, (D, ) and Cliff,(n)

{see [3]):

Ef>al.a; Ef=>alay, H» N, - N, (l=si=n-1) 7

+ + _+ - - -
E‘rr—)ananul E"-*a",la,, Hn—)anl_é_Nn'

t There exists another definition of the g-analogue of the Clifford algebra given by (see [3]):
aya; + q”ua}a,’ = 8,,—(02
ara;+q %ala; = 8,072
{a7) =(a}) =0

+

“w=l = g%a- ; T B )
wdjwg = goua; and a;w, =g tua;

LU B,
wiw: =w, w =1

Although this definition is more general than ours (that one can recover by w, =¢™ "™ with g=e"), the
definition equation (5) leads to the limit g1 (or £ 0) in a more transparent way.
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To obtain a realization of the quantum exceptional algebras in terms of g-deformed
fermionic operators, let us introduce two sets of fermionic operators, denoted respec-
tivelyby (a;, a;, Ny and (b7, b}, M) with i = 1-4. The a-operators and the b-operators
are not independent and their mutual action can be computed by

aja; =(-1Y""'b;b,,

a’a; =bib;

(8)
M.-=%(N.-— z Nk)~
k#i
Then, one has

In equations (8) and (9), the set of indices (i, j, k, m) forms a permutation of {1, 2, 3, 4)
with i <j and k<m (for example, one has a{a; = by b;). Moreover, we require (for
i#j)

(b7, a7 ]1=[b7,a]1=0 and (b7, (b7, a;11=0. {10)
We also introduce a new copy of a-operators and b-operators labelled by i=35-8,
which satisfy between them relations analogous to (5) and (8). We do not need to
specify other relations between these operators in the following (in particular the
operators labelled by i =1-4 are independent of the operators labelled by i =5-8).
The construction is based on the construction of the Lie exceptional algebras in terms
of fermionic operators given in [5]; for more detail on the construction in the classical
case, we invite the reader to refer to this paper.

The symmetric Cartan matrix of E; is given by {see [6])

2 0 -1 0 0 0 0 0
0 2 0 -1 0 0o 0 o0
-1 0 2 -1 6 0 0 0
6 -1 -1 2 -1 0o o0 o
A=l o o 0 -1 2 -1 0 0 (11)
o 0 0 0 -1 2 -1 0
o 0 6 0 0 -1 2 -1
o 0 0 0 o o0 -1 2

A realization of the generators of Eg in the Chevalley basis in terms of bilinear creation
and annihilation operators is given by

E7->biby Ey-ala; Ey>aja7 El>ala;
E{>aja; Eg->aja, E7>ajas Efsata; (12a)
and
H,» M, + M, H,> N,+N, H > N,_,—Ni._, (3=i=B). {(12b)

. It is easy to verify that all the relations, (1) and (2}, defining the universal enveloping
" "algebra U, (E;) associated to matrix (11) are satisfied. In order to check equations (1)
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and (2), it is enough to study them for the first line of the Cartan matrix since the
remaining equations correspond to the Cartan matrix of D, (see [3]):

as=0
! 1
r (1) (EV)'"E3(ET)
n=0 n q2
=[ET, E3]1=[bTb;, aTay]=[bTby, b3b;1=0. (13a)
The same argumenis hold for a,; with i=4-8.

a]3=_1:
. n 2 4yl-p b pyn
Z ("1) n 2(El} E3(E1)
n=0 g
= [ET: [ET, E;]qu]qzz [bfb;, [bfb;, a:—a;]q%]qz
g[b.r ;: [br ;3 b;bz]q_l]q-":O (13b)
a]6=0:
! 1
2 L] ety =ien Bttt atan =0 (130
n= q

The symmetric Cartan matrix of E; is given by deleting the last row and the last
column of the Cartan matrix (11} of E,y. To obtain a realization of E; in terms bilinear
creation and annihilation operators, one considers the maximal regular embedding
Ey > E;. The realization for E, is immediately obtained by

ET->bibg E;—»aia; Ey-asaj El>aja; (140)
El»aja; Ei—»asa; Ei-»alas

and

H,> M,+ M, H,- N,+N, H,> N,_,— Ni_ (B=i<7).  (14b)

In the same way, the symmetric Cartan matrix of E; is obtained by deleting the last
row and the last column of that of E;. Again, in order to obtain a realization of E,
in terms bilinear in creation and annihilation operators, one considers the maximal
regular embedding E; > E,. Therefore, one gets

Etobib; EY->ata; Ey->aza; E{>aja; (150)
a
Ef-aza; Ef—afa;
and
Hl—>M1+Mg H2_>N|+N2 HiqM—l—Ni—z (35!’56). (le)
The Cartan matrix of F, is given by (see [6])
2 -1 0 0
-1 2 -2 0
A= 16
0 -1 2 -1 (16)
0 0 -1 2

ET=ala; Ey->asay ET-»2a3 El->V2by (17a)
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and
H]_)NI‘NZ H2_>N2_N3 H3—)2N3 H4—)2M4. (l?b)

It is easy to verify that all the relations (1) and (2) defining the universal enveloping
algebra U,(F,) associated to matrix (16) are satisfied.

Let us check them for the last row of the Cartan matrix since the remaining equations
correspond to the Cartan matrix of B, {see [3]):

a,; =0

5 o |L] EnrEEy e = atan) = b= 8a)

a42=0:
1 (17
L (-D"| (E3)'T"E3(E3)" =[E3, E3]=[bi, aza;]=[b3, b3b3]1=0 (18b)
n=0_ L _.qz
ay=—1:
1 1]
r (=1 (E3Y "ET(ET)"
n=0 _n_qz
=[Eq, [EZ, B3N] =[b3,[ba, 431422 =0. (18¢)

We hope that this work will be useful in the construction of the R-matrix for the
exceptional algebras. Let us also mention, among the different developments of this
work, the realization of the quantum affine algebras using an affinization of the
g-deformed Clifford algebra.
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